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============

In 1907, Lyapunov \[[@CR2]\] proved the following remarkable result known as Lyapunov inequality. If *u* is a solution of $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{a}^{b} \bigl\vert q(t) \bigr\vert \, \mathrm{d}t>\frac{4}{b-a}. $$\end{document}$$

Since then, Lyapunov inequality and many of its generalizations have gained a great deal of attention (see \[[@CR3]--[@CR12]\] and the references therein), because these results have found many applications in the study of various properties of solutions of differential and difference equations such as oscillation theory, disconjugacy, and eigenvalue problems.

In the last twenty years, a lot of efforts have been made to obtain similar results for higher order differential equations (see \[[@CR1], [@CR13]--[@CR17]\] and the references therein), and other type integral inequalities (see \[[@CR18]--[@CR30]\] and the references therein). In particular, Çakmak \[[@CR13]\] considered the following even higher order linear differential equation: $$\documentclass[12pt]{minimal}
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                \begin{document}$r\in C([a,b],[0,\infty))$\end{document}$ and *u* satisfies the following boundary conditions: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ u^{(2i)}(a)=u^{(2i)}(b)=0, \quad i=0,1,2,\ldots,m-1, $$\end{document}$$ and he obtained the following result. If there exists a nontrivial solution *u* of Eq. ([1.2](#Equ2){ref-type=""}) satisfying ([1.3](#Equ3){ref-type=""}), then one has $$\documentclass[12pt]{minimal}
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Later, Watanabe et al. \[[@CR14]\] used a Sobolev inequality to get a new Lyapunov inequality for Eq. ([1.2](#Equ2){ref-type=""}) $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \zeta (s)=\sum_{n=1}^{+\infty }\frac{1}{n^{s}}, \qquad \operatorname{Re}(s)>1, $$\end{document}$$ is the Riemann zeta function. Their result sharpened the result of Çakmak \[[@CR13]\].
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                \begin{document}$$ u^{(i)}(a)+u^{(i)}(b)=0,\quad i=0,1,2,\ldots,m, $$\end{document}$$ and he obtained the following result. If there exists a nontrivial solution *u* of Eq. ([1.5](#Equ5){ref-type=""}) satisfying ([1.6](#Equ6){ref-type=""}), then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{a}^{b} \bigl\vert r(t) \bigr\vert \, \mathrm{d}t>2 \biggl( \frac{2}{b-a} \biggr) ^{m(p-1)}. $$\end{document}$$

In the present paper, we shall use the Sobolev inequality established in \[[@CR14]\] to establish two Lyapunov inequalities for Eq. ([1.5](#Equ5){ref-type=""}) with the anti-periodic boundary conditions ([1.6](#Equ6){ref-type=""}). Our result improves that obtained by Wang \[[@CR1]\].

Main results {#Sec2}
============

Lemma 2.1 {#FPar1}
---------

(\[[@CR14]\])
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Remark 2.1 {#FPar2}
----------
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Lemma 2.2 {#FPar3}
---------

*If* *u* *is a nontrivial solution of Eq*. ([1.5](#Equ5){ref-type=""}) *satisfying the anti*-*periodic boundary conditions* ([1.6](#Equ6){ref-type=""}), *then the inequalities* $$\documentclass[12pt]{minimal}
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Proof {#FPar4}
-----

Since the nontrivial solution *u* of Eq. ([1.5](#Equ5){ref-type=""}) satisfies the anti-periodic boundary conditions ([1.6](#Equ6){ref-type=""}), then we have $$\documentclass[12pt]{minimal}
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Theorem 2.1 {#FPar5}
-----------

*If* *u* *is a nontrivial solution of Eq*. ([1.5](#Equ5){ref-type=""}) *satisfying the anti*-*periodic boundary conditions* ([1.6](#Equ6){ref-type=""}), *then the inequality* $$\documentclass[12pt]{minimal}
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Theorem 2.2 {#FPar7}
-----------
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-----
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Remark 2.2 {#FPar9}
----------
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Application {#Sec3}
===========

We give an application of the above Lyapunov inequality for an eigenvalue problem.

Example 3.1 {#FPar10}
-----------

Let *λ* be an eigenvalue of the following problem: $$\documentclass[12pt]{minimal}
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